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First-order linear systems

First-order linear systems

First-order linear systems

Canonical homogeneous first-order
differential equation:

70
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where 7 # 0 is the system time
constant. The characteristic ;
equation is given by: fr=-7
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which has a single root,
A = —1/7. The system response
to an initial condition y(0) is:

zinfinite

yn(t) = y(O)eM = Y(O)eit/Tv stable
(3) >0
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First-order linear systems

First-order linear systems

First-order linear systems: s-plane
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First-order linear systems

First-order linear systems

First-order linear systems

X
z > v
' Vi) V8
o> m T O ey T ¥
B B
77 Yof= 0 et
vm=LFe; =" BdFs \ Fx=BUp);
R o
vit) C=—= V() ¥ Fc WA Rz =L (t) RY v
*7 Vgr =0 #7 Vo = 0 Z
RC—+» "0 T = R( “"::v,‘ i = K1) T E

Filippo Sanfilippo Second order systems



First-order linear systems

First-order linear systems

The characteristic response of first-order systems

@ The canonical homogeneous first-order differential equation is given by:
0]
2 () = (o). @)

The solution (given f(t) and y(0) = 0) is the characteristic first-order response.

@ The first-order homogeneous solution is of the form of an exponential function:

y(t) =e M A=1/7. (5)
@ The total response y(t) is the sum of two components:
y(£) = ya(t) + yp(t) = ce™ /T + yp(1), (6)

where c is a constant to be found from the initial condition y(0) = 0, and y,(t)
is a particular solution for the given forcing function f(t).
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. Second-order linear systems
Second-order linear systems Y

Standard terms and pole |

Second-order linear systems

Ar k i F
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w i A -
Frictionless support —— Syiteh i e
dx d?x d?x dx
—Fy—Fx=—b— —kx=m—— = m—— +b— + kx=0. 7
b=k gt T M T Mg TR T (7)

e x(0) = xp, v(0) = x(0) = v are required initial conditions ég
o assume that x(t) takes the form x(t) = ce®t £2
ms®cest + bsce®t + kce® = 0 = ms? + bs + k = 0. (8)
b n b2 — 4mk b b2 — 4mk 9)
51 = —— —_— S = — .
! 2m 2m 2 2m 2m

@ si,sp are the pole locations (natural frequencies) of the system.

@ In most cases b2 # 4mk) and the initial condition response will take the form:
x(t) = c1et + cpe®t. (10)

[l

[1] MIT OpenCourseWare. Review of complex numbers. 2017. URI
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} Second-order linear systems
Second-order linear systems q
Y Standard terms and pole locations
Significant cases

Standard terms

The pole locations are parameterized in terms of the natural frequency wy, and the

damping ratio ¢ where:
k
wn =14/ —, (11)
m
b

(= W (12)

Natual frequency and damping ratio:

@ The natural frequency, wy, is the frequency at which the system would oscillate if
the damping, b, were zero

University
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@ The damping ratio, (, is the ratio of the actual damping, b, to the critical
damping, bc = 2V km

d?x dx 1 d?x  2¢ dx
meE b thx=0= =54 2T . 13
dt dt w2 dt  wydt (13)
Physically reasonable assumption: the values of m, and k are greater than zero (to
maintain system order) and that b is non-negative (to keep things stable).
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} Second-order linear systems
Second-order linear systems q
Y Standard terms and pole locations
Significant cases

Pole locations

If b =0, the poles are complex conjugates on the imaginary axis at

s1 = +j\/k/m,so = —j\/k/m. This corresponds to ¢ = 0, and is referred to as
the undamped case

If b> — 4mk < 0 then the poles are complex conjugates lying in the left half of

the s-plane. This corresponds to the range 0 < { < 1, and is referred to as the
underdamped case

If b2 — 4mk = 0 then the poles coincide on the real axis at s; = s, = —b/2m.
This corresponds to ( = 1, and is referred to as the critically damped case
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If b2 — 4mk > 0 then the poles are at distinct locations on the real axis in the left

half of the s-plane. This corresponds to { > 1, and is referred to as the
overdamped case
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Significant cases

Second-order linear systems
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The poles lie at s = jwp and s, = —jwp. Z
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Second-order linear systems

damped case (0 < ¢ < 1)
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The poles lie at s = —o £ jwy, where 0 = (w;, is the attenuation, and
wy = wn/1—¢2.
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Second-order linear systems

Significant cases

Critically-damped case (¢ = 1)
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The poles lie at 51 = sp = —wp.
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Second-order linear systems

Significant cases

Overdamped case (¢ = 1)
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The poles lie at s; = —(¢ — /¢2 — 1)wp and 55 = —(¢ + /€2 — 1)wp.
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Transfer Function
Transfer Function S c

Laplace transforms and transfer functions

Laplace transforms: method for solving differential equations, converts differential
equations in time t into algebraic equations in complex variable s.

Time domain

u(t) —| h(t) |yt = h(t) = u(t)

Laplace transform

University
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Inverse Laplace transform
Frequency domain

U(s)—| H(s) = Y(®) = HOUE)

o Defined as the ratio of the Laplace transform of the output signal to that of the
input signal (think of it as a gain factor!)

o Contains information about dynamics of a Linear Time Invariant system
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Transfer Function

Transfer Function Mass-spring-damper system
Mass-Spring-Damper in Simulink

Mass-spring-damper system

k >
VWV k K
n " S -
] 2 I3
=y 1 = -
Frictionless support ——— F——— s suppor
ODE 5
M(t) + by(t) + ky(t) = u(t)

Assume all initial conditions are zero. Then take Laplace

transform,
Ms?Y (s) + bsY (s) + kY (s) = U(s)
Output|
Y (s) 1

U(S) 1\182 + bs + k|+— Transfer function

\
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Transfer Function Mass-Spring-Damper in Simulink

Mass-Spring-Damper in Simulink

Simulink Model
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v
Damping
k l|<
Stiffness E
d?x dx E‘
m—— + b— + kx = 0. 14

dt Ut Wz
2] (O]

[2] MathWorks. Mass-Spring-Damper in Simulink and Simscape. 2017. URL: https://goo.gl/Ftr6hK.
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Applications
[¢ n and future

Applications, conclusion and future work

University
of Stavanger

8]

[3] Filippo Sanfilippo, Paul B.T. Weustink, and Kristin Ytterstad Pettersen. “A coupling library for the force
dimension haptic devices and the 20-sim modelling and simulation environment”. In: Proc. of the 41st Annual
Conference of the IEEE Industrial Electronics Society (IECON), Yokohama, Japan. 2015, pp. 168-173.
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Applica

Conclusion and future work
Applications, conclusion and future work

Conclusion

Learning experience:

o First-order linear systems and characteristic response

@ Second-order linear systems and characteristic response
o Several applications
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Applica

Conclusion and future work
Applications, conclusion and future work

Thank you for your attention
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